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Abstract

Let G be a graph of order n with the vertex set {vy,ve,vs, -, v},
and d; be the degree of vertex v; for alli € {1,2,3,--- ,n}, then the sum-

connectivity matrix of a graph G is the n X n square matrix denoted

and defined by Mgsc(G) = [Sijlnxn, Where, s;; = \/dilej’ if vertices
v; and v; are adjacent and s;; = 0, otherwise. The sum-connectivity
energy is the sum of absolute values of the eigenvalues of Mgc(G). In
this paper, the sum-connectivity energy of some graphs are investigated.
Keywords: Eigenvalue, Graph Energy, Sum-Connectivity Matrix, Sum-
Connectivity Energy
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1 Introduction

Let G be a simple, undirected and connected graph with vertex set V(G) =
{v1,v9,v3, -+ ,u,}. The degree of a vertex v; is denoted by d;, is the number

of vertices adjacent to a vertex v;, for all i € {1,2,3,--- ,n}.

Definition 1.1. The m-Shadow graph, D,,(G) of a connected graph G is con-
structed by taking m copies of G say G, G, ..., Gy, then join each vertex u in

G; to the neighbours of the corresponding vertex v in G, 1 <1i,5 <m.
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Definition 1.2. The m-Splitting graph, Spl.,(G) of a connected graph G is
constructed by adding to each vertexr v a new m vertices, say vy, Vs, ..., Uy, such

that v;, 1 <1 < 'm is adjacent to every vertex that is adjacent to v is G.

Definition 1.3. The double cover of the graph G with vertez set {vy,vo, ..., v, }
is the bipartite graph G’ with bipartition (X,Y), X = {xy, 29, ..., x,} and Y =
{v1,Y2, ..., Yn}, where x; and y; are adjacent in G' if and only if v; and v; are

adjacent in the graph G.

The adjacency matrix of a graph G is a symmetric matrix of order n and

defined as A(G) = [a;j]nxn, Where,

1 ;if v; and vjare adjacent
CLZ']‘ =

0 ;if v; and v;are non — adjacent

Let aq, o, ..., a, be the eigenvalues of the adjacency matrix, A(G), then
the energy of a graph G, &(G) is the sum of absolute value of eigenvalues of

adjacency matrix, A(G) of a graph G with their multiplicity. i.e.

E(G) = la

The concept of energy was introduced by Gutman [4] in 1978.

The concept of graph energy has the connection between the graph theory
and the approximation of the total m-electron energy of a conjugated hydrocar-
bon in molecular chemistry [8]. A conjugated hydrocarbon can be represented
by a graph called a molecular graph in which each carbon atom is represented
by a vertex, carbon-carbon bond by an edge and hydrogen atoms are not
included. The study of molecular structure using the energy of its graph is
known as chemical graph theory. In short, the graph energy is useful to find
the energy of organic compounds in Chemistry.

There are many variants of graph energy like Distance energy, Randi¢ en-
ergy, Harary energy and Laplacian energy are also available in the literature
1, 2,3,6,9, 11, 12, 13, 14].

The concept of sum-connectivity energy was introduced by Zhou and Tri-
najstic [16] in 2010.
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The sum-connectivity matrix of a graph G is a symmetric matrix of order

n x n and defined as Msc(G) = [Sij]nxn, Where,

1
0 ;if v; and vjare non — adjacent

;if v; and vjare adjacent
Sij

The eigenvalues 94,9, ..., 9, of the sum-connectivity matrix, Mgc(G) is
known as sum-connectivity eigenvalues of the graph GG and the sum-connectivity
spectrum of the graph G is denoted by specsc(G). The sum-connectivity en-
ergy of the graph G, &s¢(G) is the sum of absolute values of sum-connectivity

eigenvalues of a graph GG with their multiplicity. .e.
Esc(G) = |0y
i=1

Illustration 1.4. In Fig. 1, the cycle Cy is shown in which the set of vertices

Z'S {Uh V2, U3, 'U4}'

Figure 1: Cycle Cy with the vertices {vy, v, v3,v4}

V1 Vo V3 Uy
1 1
v 0O — 0 —
1 1 \/Z 1 \/Z
vol — 0 — 0
Then, M50(04) = \/ZL 1 \/Z 1
v 0o — 0 —
’ ) Vi ) Vi
wu\— 0 — 0
\/Z \/Z 4x4
01 —1
Thus, specsc(Cy) =
pecsc(Cy) 9 1 1 )
Hence, &s¢(Cy) =2(0) +1-|1| 4+ |-1] =2
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In this paper, the sum-connectivity energy of regular graph, m-shadow,
m-splitting and double cover of graphs are investigated.

For standard terminology and notations in graph theory, rely upon West
[15] while for any undefined term related to energy of graphs, refer to Gutman
[5, 10].

For our ready reference, some existing results are stated below.

Proposition 1.5. [7] Let A = [a;j| be the matriz of size m x n and B be the
matriz of size p X q, then the Kronecker product of the matriz A and B is
denoted by A ® B and defined as A ® B = (aijB>

mpxngq

Proposition 1.6. [7] If X is an eigenvalue of the matric A = [a;j|nxn with
corresponding eigenvector x and p is an eigenvalue of the matriz B = [bi;]mxm
with corresponding eigenvector y. Then A is an eigenvalue of A ® B with

corresponding eigenvector x & .

Proposition 1.7. [7] Let
A B

B A

be a symmetric matriz. Then the spectrum of M s the union of spectrum of
A+ B and A— B.
i.e. spec(M) = spec(A+ B) U spec(A — B).

2 Main Results

Theorem 2.1. Let G be a r-reqular graph with aq, oo, ..., ay, eigenvalues, then

Sse(C) = ﬁ‘%)

Proof. Let G be a r-regular graph of order n with the vertex set {vy, va, ..., v, },

then the sum-connectivity matrix Mgc(G) is defined as

Msc(G) = %A(G)

where, A(G) is the adjacency matrix of the graph G. Hence, the sum-connectivity
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energy of the r-regular graph G,

Esc(G) =

Theorem 2.2. For the graph G, &sc(Dy(G)) = vVmésc(G).

37

Proof. Let G be a graph of order n with the vertex set {vy, v, ..., v, }, then the

sum-connectivity matrix Mgo(G) is given by

U1 () U3
v 1 1
! Vi + ds \/d11+ ds
Vg | — 0 _—
2 Vidy + dy Vda + ds
Msc(G) = vy ! !
Vds +dy Vds+dy
1 1 1
Un

and the eigenvalues of the matrix Mgc(G) are 91, 9s, ..., 0.

Un
1

V dl 1+ dn
\/d21+ dy,
Vds +d,

nxn

Now, to obtain m-shadow of the graph G, D,,(G), consider m- copies

G4, G, ..., Gy, of the graph G and join each vertex of u of the graph G; to the

neighbors of the corresponding vertex v in the graph G;, 1 <14,j5 < m. Note
that N(v;) = N(vj"). Then the sum-connectivity matrix of D,,(G) is denoted

by Msc(D,,(G)) and defined as
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\/_%MSC(G) \/—%MSC(G) ' ?Msc(G)
Msc (D (G)) = ﬁMsc(G) ﬁMSC(G) ﬁMSC<G)
L teol@) M Macl©) -+ el
L T ).
= [ vm vm vm ® Msc(G)
EERE U
v v
= ﬁjm & Msc(G);

where, J,,, is the matrix of order m whose all entries are 1.

1 m-—1

ﬁ())

0
Further, we know that spec(.J,,) = (m )

1
= spec | —=J,, | =
P (vm ) 1 m-1

Therefore by Proposition 1.5,

specsc (D (G)) = (\/ﬁ(ﬁz) 0 ) Hence,

n n(m —1)
Ssc(Da(@) =3 V)

= s o .
= éasc(Dm(G» = \/méosc(G)

Corollary 2.3. Let G be a r-reqular graph with oy, s, ..., o, eigenvalues, then

@@SC(Dm(G)) =

Proof. Let G be ar—regular graph of order n with the vertex set {vy, vo, ..., v, }.
Now, to obtain m-shadow of the r-regular graph G, D,,(G), consider m-
copies Gy, Ga,...,G,, of the graph G and join each vertex of u of the graph
G; to the neighbors of the corresponding vertex v in the graph G;, 1 <14,5 <
m. Moreover, D,,(G) is mr-regular graph. Then by Theorem 2.1, the sum-
connectivity matrix of D,,(G) is denoted by Mgc(D,,(G)) and defined as
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Msc(Dm(G)) = A(G)

where, A(G) is the adjacency matrix of a graph GG. Hence, the sum-connectivity

energy of the m-shadow of r-regular graph G,

Eso(Dm(G)) = &(@)

Theorem 2.4. For any graph G,

Esc(Splnl(C)) = ( %) 850()

Proof. Let G be a graph of order n with the vertex set {vy,vs, ..., v, }, then the

sum-connectivity matrix Mgc(G) is given by

U1 () U3 e Un

" 1 1 1
! X Vd, + do \/d11+ s \/d11+ d.
| Vi, +dy Vs + d3 Vs +d,
Mgc(G) = v3 1 1 0 ce ;
Vds +di \ds +ds Vds +d,

1 1 1 ' '

Uy, o 0

and the eigenvalues of the matrix Mgc(G) are 91,95, ..., 0.

Now, consider m-copies of vertex v;, say v}, v?, ...,v", for 1 <i < n and join
each vertex vf for 1 < k < m to neighbors of the vertex v; to obtain m-splitting
of the graph G and is denoted by Spl,,(G). Then the sum-connectivity matrix

of Spl,,(G) is denoted by Mgc(Spl,(G)) and defined as

39
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1 2 2
CMeo(G) e Mgo(G) - —— Mo (G
@ sc(G) 55 1se(G) om + 2 so(G)
———— Msc(G) 0 0
Msc(Splm(G)) — \V2m + 2
2 Mee(G) 0 0
omt2 ¢ S
1 2 2
\/2% V2m + 2 V2m + 2
e 0 . 0
— | v2m+2 ® Mse(G)
2
_— 0 0
2m + 2 mnxmn
:M(X)Mgc(G)
1 2 2
\/2R 2m + 2 2m + 2
s 0 0
where, M = 2m + 2
2
s 0 0
V2m+2 mnXxmn

Since, matrix M is of rank two. So, M has only two non-zero eigenvalues,

say 3 and ~. Further,

1
+y=tr(M)=— 1
B4y =1tr(M) N (1)
Moreover,
M? =M-M
1 2 2 1 2 2
\/2m V2m +2 V2m +2 \/2% V2m + 2 V2m +2
0 . 0 [ 0 ‘e 0
_ | Vemi2 Va2m +2
2 2
s 0 0 _— 0 0
2m + 2 2m + 2
1 n 4m 2 2 2
m o 2m+2  /m@2m+2) /m(2m+2) m(2m + 2)
2 4 4 4
_ m(2m + 2) 2m + 2 2m + 2 2m + 2
2 4 4 4
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Therefore,
1 &m
2 2 2
=tr(M*) = —
! r(M7) m + 2m + 2

Now, by solving equations (1) and (2), we get

Vm+1+V8m24+m+1 and - = vm+1—+v8m?+m+1

y 2y/m(m+1) 2y/m(m+1)

Therefore, specsc(M) =
Vm+1+vV8m2+m+1 vVm+1—+vV8m2+m+1
2y/m(m+1) 2y/m(m+1)
1 1 m —1
Since, Msc(Spln(G)) = M®@Msc(G) and eigenvalues of Mgo(G) are 91, Vs, ..., Up,

then by Proposition 1.6,

specsc (Spln(G)) =
\/m+1+\/8m2+m+119 \/m+1+\/8m2+m+119 Vm+1+vV8m2Z+m+1
2y/m(m+1) ! 2y/m(m+1) ? 2y/m(m+1) "
\/m+1—\/8m2+m+119 \/m+1—\/8m2+m+119 \/m—&—l—\/87712—1—771—1—119
U 2/m(m + 1) ' 2/m(m + 1) ? 2\/m(m + 1) "
2o 0)
n(m —1)
Hence,

Vm+14+v8m2+m+1 \/8m2+m+1—\/m+179.

3 3

i=1 2y/m(m+1) 2y/m(m+1)
_i|04‘| Vm+14+vV8m2+m+1 V8m2+m+1—+yvm+1
= 2y/m(m+1) 2/m(m+1)
n Vm+1+vV8m?2+m+14+vV8m2+m+1—+yvm+1
=2 [vi]
=1 2 m(m+1)
n 8m?+m +1
Z:Z:J | m(m + 1) )
8m2i+m+1\ 2
- 9,
( m(m + 1) >;| |
8m?+m +1
( m(m + 1) ) 50(G)
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Hence,

Theorem 2.5. For any graph G,
Esc(G) = 285¢0(Q)

Proof. Let G be a graph with n vertices. To obtained a double cover graph G’
of the graph G by taking bipartition (X,Y"), where X = {z1,z,...,x,} and
Y = {v1, 92, ...yn} with two vertices z; and y; are adjacent in G’ if and only if
v; and v; are adjacent in G.

Then the sum-connectivity matrix of the graph G’ is defined as

0 Mse(G)

Mso(G') = Moo (G) 0

2nx2n

where, Msc(G) is the sum-connectivity matrix of a graph G with eigenvalues
are U1, 99, ..., 70,.
Then by Proposition 1.7,

specsc(G') = spec(Mgsc(G)) U spec(—Mge(G))

_(191 o wer Wn =0y —dy o —m)

Hence,
Esc(G') = D2 |0 + >0 |V
=1 =1
-9 ; 19;] 0
= 285¢(Q)

Corollary 2.6. For any r-regular graph G,

Esc(G') = \/géa(G)

Proof. Proof follows from the Theorem 2.1 and Theorem 2.5. O
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3 Concluding Remarks

The energy of a graph is one of the important idea of spectral graph theory.
This idea is a bond between chemical science and mathematical science. In
this paper, we have obtained the relation between sum-connectivity energy
of the graph and graph energy, also derived the sum-connectivity energy of

m-shadow, m-splitting of a graph and double cover of a graph.
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